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Renormalization of Hamiltonian eld theory is usually a rather painful algebraic or numerical exercise.
By combining a method based on the many-body coupled cluster method, analyzed in detail by Suzuki and
Okamoto, with a Wilsonian approach to renormalization, we show that a powerful and elegant method exist
to solve such problems. The method is in principle non-perturbative, and is not necessarily unitary.
Renormalization group, Nonperturbative Eects document Introduction
The power of Hamiltonian methods is well known from the study of non-relativistic many-body systems
and from strongly-interacting few particle systems, even though a Lagrangian approach is usually chosen for
relativistic theories. Hamiltonian methods for strongly-interacting systems are intrinsically non-perturbative
and usually contain a Tamm-Danco type approximation, in the sense that, in practice, one has to limit
the bound state as an expansion over states containing a small number of particles. This truncation of the
Fock space gives rise to a new class of non-perturbative divergences, since the truncation does not allow
us to take into account all diagrams for any given order in perturbation theory. Therefore renormalization
issues have to be considered carefully. Two very dierent remedies for this issue are the use of light-front
Tamm-Danco eld theory (LFFT) 3 and the application of the coupled cluster method (CCM) 4,5. In
the LFFT the quantization plane is chosen to coincide with the light front, therefore the divergences that
plagued the original theories seem to disappear 6. Furthermore, not having to include interactions in boost
operators allows a renormalizable truncation scheme 7. One of the most important diculties in LFFT is the
complicated structure of the renormalization process 8. In the standard form of CCM, on the other hand,
the amplitudes obey a system of coupled non-linear equations which contain some ill-dened terms because
of ultraviolet divergences. It has been shown 9 that the ill-dened amplitudes, which are also called critical
topologies, can be systematically removed, by exploiting the linked-cluster property of the ground state. This
can be done by introducing a mapping which transfers them into a nite representations without making
any approximation such as a coupling expansion. Thus far this resummation method has been restricted to
superrenormalizable theories due to its complexity.
A natural question in the renormalization within the Hamiltonian formalism arises, since one could also
perform renormalization in a Lagrangian framework and nally construct the corresponding Hamiltonian
by means of standard Legendre transformation. [It should be noticed that this is not generally applicable if
the Lagrangian contains higher-order time-derivatives.] The Hamiltonian formalism, despite a certain lack
of elegance, has the advantage that it is very economical, and one can use all the know-how of quantum
many-body theory.
In the last decade extensive attempts have been made to give a prescription for renormalization within
the Hamiltonian formalism aps1,aps2,10. Commonly unitary transformations are used to decouple the high-
and low-energy modes aiming at the partial diagonalization of the Hamiltonian. One of the elegant approach
in this context has been the so-called similarity renormalization group (SRG) proposed by Glazek and Wilson
aps1 (and by Wegner aps2 independently). The SRG resembles the original Wilsonian renormalization
group formalism aps3, since a transformation that explicitly runs the cuto is developed. In an early
paper, Wilson aps3 exploited a similar transformation which was originally introduced by Bloch aps4. There
the Hamiltonian matrix is reduced by using a transformation which lowers the cuto initially imposed on
the individual states. Later, Wilson abandoned this formalism in favour of a Lagrangian one. The most
important reason was that the Bloch transformation is ill-dened and produces fake divergences. These
divergences emerge from denominators which contain a small energy dierence between states retained and
states removed by the transformation. The SRG aps1,aps2 is designed to be free of such small energy
denominators and to eliminate interactions which change the energies of the unperturbed states by a large
amount. However, there are several issues in this approach: it is hard to incorporate loop expansions within
the method, the SRG can not systematically remove interactions which change the number of particles (i.e,
when the Hamiltonian is not diagonal in particle number space), and most importantly, the computations
are complex and there is no an ecient non-perturbative calculable scheme.
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In this paper we introduce a method for obtaining the low energy eective operators in the framework of
a CCM approach. The transformation constructed avoids the small denominators that plague old-fashioned
perturbation theory. Neither perturbation theory nor unitarity of the transformation are essential for this
method. The method is non-perturbative, since there is no expansion in the coupling constant; nonetheless,
the CCM can be conceived as a topological expansion in the number of correlated excitations. We show
that introducing a double similarity transformation using linked-cluster amplitudes will simplify the partial
diagonalization underlying renormalization in Hamiltonian approaches. However, a price must be paid: due
to the truncation the similarity transformations are not unitary, and accordingly the hermiticity of the
resultant eective Hamiltonian is not manifest. This is related to the fact that we have a biorthogonal
representation of the given many-body problem. There is a long tradition of such approaches. The rst we
are aware of are Dyson-type bosonization schemes 11. [Here one chooses to map the generators of a Lie
algebra, such that the raising generators have a particularly simple representation.] The space of states is
mapped onto a larger space where the physically realizable states are obtained by constrained dynamics.
This is closely related to CCM formalism, where the extended phase space is a complex manifold, the
physical subspace constraint function has been shown to be of second class and the physical shell itself was
found to be a Ka¨hler manifold 12. The second is the Suzuki-Lee method in the nuclear many-body (NMT)
problem 13,Ni, which reduces the full many-body problem to a problem in a small conguration space and
introduces a related eective interaction. The eective interaction is naturally understood as the result of
certain transformations which decouple a model space from its complement. As is well know in the theory of
eective interactions, unitarity of the transformation used for decoupling or diagonalization is not necessary.
Actually, the advantage of a non-unitarity approach is that it can give a very simple description for both
diagonalization and the ground state. This has been discussed by many authors 14 and, although it might
lead to a non-hermitian eective Hamiltonian, it has been shown that hermiticity can be recovered 12,15.
Nevertheless non-hermiticity is negligible if the model space and its complement are not strongly correlated
16,17. Therefore dening a good model space can in principle control the accuracy of CCM.
To solve the relativistic bound state problem one needs to systematically and simultaneously decouple
1) the high-energy from low-energy modes and 2) the many- from the few-particle states. We emphasize in
this paper that CCM can in principle be an adequate method to attack both these requirements. Our hope is
to fully utilize Wilsonian Exact renormalization group 18 within the CCM formalism. Here the high energy
modes will be integrated out leading to a modied low-energy Hamiltonian in an eective many-body space.
Notice that our formulation does not depend on the form of dynamics and can be used for any quantization
scheme, e.g., equal time or light-cone.
The organization of this paper is as follows. In section II, we discuss our approach and it’s foundation.
Finally we conclude and present an outlook in section III.
Formalism
The discussion in this section is partially based on the work of Suzuki and Okamoto Ni. Let us consider a
system described by a Hamiltonian H() which has, at the very beginning, a large cut-o . We assume that
the renormalized Hamiltonian Heff () up to scale  can be written as the sum of the canonical Hamiltonian
and a \counterterm" HC(), equation Heff () = H() + HC().
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